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Abstract
In the present paper we shall classify the nite circular spaces C with the property that for all
points P of C the residual space CP is a f0; 1; 2g-semi-ane plane. c© 1999 Elsevier Science
B.V. All rights reserved.
1. Introduction
A linear space is a geometry of points and lines satisfying the following two axioms:
(L1) Any two points are joined by a unique line.
(L2) Any line is incident with at least two points; there are at least two lines.
A linear space is called nite, if it contains nitely many points and lines. In such a
case by degree of a line (resp. point) we mean the number of points on it (resp. lines
through it). If n+ 1 denotes the maximum between point-degrees then n is called the
order of the linear space. Examples of linear spaces are ane and projective spaces.
A circular space is a geometry of points and circles fullling the following condi-
tions:
(C1) Any three points are incident with a unique circle.
(C2) Any circle is incident with at least three points; there are at least two circles.
A nite circular space is a circular space with nitely many points and circles. In
such a case by degree of a circle (resp. point) we mean the number of points on it
(resp. circles through it).
Let C be a circular space, and let P be a point of C. The residual space CP is the
geometry of points and lines whose points are the points of C except P and whose
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lines are the circles of C through P, except P. The incidence relation of CP is induced
by C. In view of Axioms (C1) and (C2) CP is a linear space. If C and hence also
CP is nite, by order of C we mean the maximum between the orders of the linear
spaces CP .
A circular space C is called degenerate if there is a circle containing all points but
one and hence all other circles have degree 3.
The most important class of circular spaces are the so-called inversive planes. An
inversive plane is a circular space with the property that for all points P of C the
residual space CP is an ane plane. The residual spaces of an inversive plane are
called internal planes.
In the study of circular spaces the following question is of particular interest.
Given a family F of linear spaces classify all circular spaces C such that for all
points P of C the residual space CP belongs to F.
A rst result in this direction has been obtained by Buekenhout and Metz [3]. In
order to state their results we need the notion of semi-ane planes.
LetH be a set of non-negative integers. A linear spaceL is called anH-semi-ane
plane if for any non-incident point-line-pair (P; l) the number of lines through P disjoint
to l belongs to H. The f0g-semi-ane planes and the f1g-semi-ane planes are ex-
actly the generalized projective and the ane planes, respectively. The f0; 1g-semi-ane
planes are called semi-ane planes (see [4]).
The theorem of Buekenhout{Metz reads as follows.
Theorem 1.1. Let C be a nite circular space such that any residual space of C is
a semi-ane plane. Then one of the following cases occurs:
1:1: C is an inversive plane.
1:2: C is either a 3-(8; 4; 1) or a 3-(22; 6; 1) design (f0g-inversive).
1:3: C is a 3-(8; 4; 1) or a 3-(22; 6; 1) design with one point deleted.
1:4: C has six points 1; 2; 3; 4; 5; 6 with 1234; 1256 and 3456 as the only circles
with more than three points.
1:5: C is the degenerate circular space on four or ve points.
Remark. Buekenhout and Metz further obtain a 3-(112; 12; 1) design (with possibly
one point deleted). But this would be the extension of a projective plane of order 10
and from Lam et al. [7] its known that such a plane does not exist.
Using the previous result Buekenhout and Metz [3] could also classify all nite
circular spaces such that any two circles have at least one point in common.
Generalizing the H-semi-ane planes Olanda [10] introduced H-inversive planes
as follows. Given a set H of non-negative integers, a circular space C is called an
H-inversive plane, if for each point P of C the residual space CP is H-semi-ane.
So the theorem of Buekenhout and Metz is a classication of nite f0; 1g-inversive
planes. In his paper Olanda classies f1; 2g-inversive planes. His result reads as
follows.
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Theorem 1.2. Let C be a f1; 2g inversive plane of order n> 5. Then one of the
following cases occurs.
2:1: C is an inversive planes.
2:2: C is an inversive plane of order n where one point has been deleted (punctured
inversive plane).
Another result on H-inversive planes has been obtained by Biondi [2], in the case
H= f1; 2; 3g.
Furthermore an important result, related to the previous question, has been obtained
by Thas [11] on inversive planes of odd order n and it is as follows.
Theorem 1.3. Let C be an inversive plane of odd order n. If for at least one point
P of C the internal plane CP is desarguesian then C is classical (miquelian).
In the present paper we shall classify the f0; 1; 2g-inversive planes. Our main results
read as follows.
Theorem 1.4. Let C be a f0; 2g-inversive plane that is not f0g-inversive. Then C is
one of the following.
4:1: C has six points. All circles are of degree 3 (f2g-inversive):
4:2: C has 16 points and every residual space is obtained from a projective plane
of order 4 by deleting a 6-arc.
4:3: C has 14 points; and every residual space is obtained from a projective plane
of order 4 by deleting two lines with all points on these lines except their intersection
point.
4:4: C is the degenerate circular space on six points.
4:5: C has 14 points; and the residual spaces are either obtained from a projective
plane of order 4 by deleting two lines with all of its points on these lines except their
intersection point or from the extended Nwankpa{Shrikhande plane.
Proposition 1.5. Let C be a f1; 2g-inversive plane of order n65 that is not an in-
versive plane nor f2g-inversive. Then one of the following cases occurs:
5:1: C is a punctured inversive plane of order n.
5:2: C has six points; and the residual spaces are either obtained from the complete
graph K5 or from a linear space with ve points; one line of degree 3 and 7 lines of
degree two.
Observe that the previous result completes the classication of f1; 2g-inversive
planes.
Theorem 1.6. Let C be a f0; 1; 2g-inversive plane. Then one of the following cases
occurs.
6:1: C is f0; 1g-inversive; f0; 2g-inversive or f1; 2g-inversive.
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6:2: There are some integers n and k with n even and 26k6n such that any
residual space of C is obtained from a projective plane of order n by deleting a
k-arc. Furthermore either n= 4; k = 2 and C is a 3-(22; 6; 1) design with two points
deleted or k(k − 1)(k − 2) = 12n(n+ 1).
6:3: C has 26 points; and every residual space is obtained from a projective plane
of order 5 by deleting one line l with all of its points except one and one point
outside of l.
6:4: C has either 8; 22 or 112 points; and every residual space is obtained from
an ane plane of order 3; 5 or 11; respectively; by deleting one line l with all of its
points except one.
6:5: Let C0 be the 3-(8; 4; 1) design; and let x and y be two disjoint circles of
degree 4. Let C be the circular space constructed from C0 by replacing each of the
circles x and y by four circles of degree 3.
6:6: C is the extension of the Nwankpa-plane (see Denition 4:1).
6:7: C has 17 points; and the residual spaces are either obtained from a projective
plane of order 4 by deleting a 5-arc or from an ane plane of order 4.
6:8: C has 22 points; and the residual spaces are either obtained from a projective
plane of order 4 or from an ane plane of order 5 by deleting one line l with all of
its points except one.
6:9: C has 18 points; and the residual spaces are either obtained from an ane
plane of order 4 with one point at innity or from a projective plane of order 4 by
deleting a 4-arc.
6:10: C has eight points; and the residual spaces are either obtained from a pro-
jective plane of order 2 or from the quasi-Fano plane.
6:11: C has seven points; and the residual spaces are either obtained from a pro-
jective plane of order 2 with one point deleted or from the quasi-Fano plane with one
point of degree 3 deleted.
6:12: C has seven points; and the residual spaces are either obtained from an ane
plane of order 3 by deleting one line with all of its points or from the quasi-Fano
plane with one point of degree 3 deleted.
6:13: C has eight points; and the residual spaces are either obtained from an ane
plane of order 3 by deleting one line with all of its points except one; or from the
quasi-Fano plane.
6:14: C has eight points and the residual spaces are obtained from the Fano; plane
or form an ane plane of order 3 by deleting one line with all of its points except
one; or from the quasi-Fano plane.
6:15: C has six points; two circles of degree 4 having two points in common and
all the other circles of degree 3.
Observe that the additional condition that C has at least 27 points reduces the above
classication to the cases 1:1; 2:2; 6:2 and one of the cases in 6:4.
This paper is organized as follows. Section 2 is devoted to a survey of the classica-
tion of f0; 1; 2g-semi-ane planes. In Section 3 we shall classify nite f0; 1; 2g-inversive
N. Durante et al. / Discrete Mathematics 208/209 (1999) 211{233 215
planes admitting at least two residual spaces with dierent combinatorial properties. Fi-
nally, in Section 4 we shall prove Theorem 1.6.
2. H-semi-ane planes
In the present section we shall survey the classication of the f0; 1; 2g-semi-ane
planes. An H-semi-ane plane L is called proper if for any value h2H there is
a non-incident point-line-pair (P; l) of L such that there are exactly h lines through
P disjoint from l. The linear spaces appearing in the classication are projective and
ane planes, near pencils, complete graphs, (h; k)-crosses, the quasi-Fano plane, the
plane of Nwankpa{Shrikhande and linear spaces derived from these structures.
We give a brief denition of some of them. The (h; k)-cross is the linear space
whose points are on two lines of degree h and k that intersect on a point and all the
other lines are of degree 2. In particular a (2; n + 1)-cross is called a near-pencil of
order n.
The Fano-quasi plane is the linear space obtained from the projective plane of order
2 by replacing one of its lines by three lines of degree 2.
The Nwankpa plane N is the unique linear space on 11 points having one line of
degree 5 and 15 lines of degree 3 which is obtained from the complete graph on six
vertices K6 by adding ve points corresponding to the partitions of K6 into three lines
of degree 2. The six points of degree 5 can be seen as the real points of N, whereas
the ve points of degree 4 play the role of points at innity. For two real points x
and y we denote by 1(x; y) the point at innity of the line through x and y. Let us
denote by 1; 2; 3; 4; 5; 6 the real points of N.
The Nwankpa{Shrikhande plane is a linear space on 12 points and 19 lines with
constant point degree 5, each point being on one line of degree 4 and four lines of
degree 3.
The extended Nwankpa{Shrikhande plane is the Nwankpa{Shrikhande plane with
one additional point on all lines of degree 4.
We recall that a k-arc of a nite projective plane is a set of k points, no three of
them collinear. (Regarding the previous denitions see also [4,1].)
We start with the classication of the f0; 1g-semi-ane planes due to [12,4]. 1
Theorem 2.1. Let L be a nite f0; 1g-semi-ane plane. Then L is one of the
following:
1:a: L is a projective plane.
1:b: L is an ane plane.
1:c: L is an ane plane with one point at innity.
1 Totten and De Witte proved the theorem in the case where the semi-ane plane contains a line of degree
two; Kuiper and Dembowski proved the general case, independently.
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1:d: L is a punctured projective plane; that is; a projective plane with one point
deleted.
1:e: L is a near pencil.
The classication of f0; 2g-semi-ane planes is due to [6,8].
Theorem 2.2. Let L be a nite f0; 2g-semi-ane plane which is neither a projective
plane nor a near pencil. Then L is one of the following:
2:a: L is obtained from a nite projective plane of even order n>4 by deleting an
(n+ 2)-arc.
2:b: L is obtained from a nite projective plane of order n>3 by deleting two
lines with all points on these lines except their intersection point.
2:c: L is the complete graph K5.
2:d: L is the extended Nwankpa{Shrikhande plane.
The classication of the nite f1; 2g-semi-ane planes is due to [9].
Theorem 2.3. Let L be a nite proper f1; 2g-semi-ane plane. Then L is one of
the following:
3:a: L is a nite ane plane of order n>3 with one point deleted.
3:b: L is obtained from a nite ane plane of order n>3 by deleting one line
with all of its points.
3:c: L is the Nwankpa{Shrikhande plane.
3:d: L is a linear space with ve points; one line of degree 3 and 7 lines of degree
two.
Finally, the classication of nite proper f0; 1; 2g-semi-ane planes have been ob-
tained by Hauptmann [6] and Lo Re and Olanda [8], independently.
Theorem 2.4. Let L be a nite proper f0; 1; 2g-semi-ane plane. Then L is one of
the following:
4:a: L is obtained from a nite projective plane of order n>3 by deleting one line
l with all of its points except one and one point outside of l.
4:b: L is obtained from a nite projective plane of order n>3 by deleting one line
l with all of its points except one point P and two points Q and Q0 outside of l and
collinear with P.
4:c: L is obtained from a nite projective plane of order n>3 by deleting two lines
l and l0 with all of its points except two points P and P0 on l and l0; respectively.
The points P and P0 are both dierent from the intersection of l and l0.
4:dk . L is obtained from a nite projective plane of order n>3 by deleting a k-arc
with 26k6n+ 1.
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Table 1
f0; 1; 2g-semi-ane planes
Type Number Number Possible Possible
of points of lines point degrees line degrees
1:a n2 + n + 1 n2 + n + 1 n + 1 n + 1
1:b n2 n2 + n n + 1 n
1:c n2 + 1 n2 + n n; n + 1 n + 1; n
1:d n2 + n n2 + n + 1 n + 1 n + 1; n
1:e n + 2 n + 2 n + 1; 2 n + 1; 2
2:a n2 − 1 n2 + n + 1 n + 1 n + 1; n− 1
2:b n2 − n + 1 n2 + n− 1 n + 1; n− 1 n + 1; n− 1
2:c 5 10 4 2
2:d 13 19 3; 5 3; 5
3:a n2 − 1 n2 + n n + 1 n; n− 1
3:b n2 − n n2 + n− 1 n + 1 n; n− 1
3:c 12 19 5 3; 4
3:d 5 8 3; 4 2; 3
4:a n2 n2 + n n + 1; n n + 1; n; n− 1
4:b n2 − 1 n2 + n n + 1; n n + 1; n; n− 1
4:c n2 − n + 2 n2 + n− 1 n + 1; n n + 1; n; n− 1
4:dk n2 + n + 1− k n2 + n + 1 n + 1 n + 1; n; n− 1
4:e n2 − n + 1 n2 + n− 1 n + 1; n n; n− 1
4:f 11 16 4; 5 3; 5
4:g 7 9 3; 4 2; 3
4:h 6 9 3; 4 2; 3
4:i 6 8 2; 3; 4 2; 3; 4
4:j 7 10 3; 4 2; 3; 4
4:e: L is obtained from a nite ane plane of order n>3 by deleting one line l
with all of its points except one.
4:f : L is the plane of Nwankpa.
4:g: L is the quasi-Fano plane.
4:h: L is the quasi-Fano plane with one point of degree 3 deleted.
4:i: L is the (3; 4)-cross.
4:j: L is the linear space on seven points and 10 lines with point degree 3 or 4
and line degree 2; 3; 4 and there is a unique line of degree 4. It is obtained from the
punctured Fano plane by adding a new point P on one of its lines; say l; of degree
3 and joining P with the points o l by lines of degree 2.
According to Theorems 2.1{2.4 we shall dene the type of a f0; 1; 2g-semi-ane
plane. For example, a projective plane is a linear space of type 1.a. Throughout this
paper the linear spaces of type 2.c, 2.d, 3.c, 3.d, 4.f, 4.g, 4.h, 4.i and 4.j are called
sporadic.
For the reader’s convenience we include Table 1 containing the most important
combinatorial properties of the f0; 1; 2g-semi-ane planes. The parameter n appearing
in the table is the order of the corresponding non-sporadic linear space.
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3. Residual spaces of a f0; 1; 2g-inversive plane
In this section we shall prove the following theorem.
Theorem 3.1. Let C be a nite f0; 1; 2g-inversive plane such that for any point X
of C the residual space CX is not a near-pencil. Then one of the following occurs;
where n denotes the order of the rst residual spaces in curly brackets.
(1) We have type (CP)= type (CQ); for any pair of distinct points; P and Q. In
particular if type (CP) = 4:dk and type (CQ) = 4:dk′ ; then k = k 0.
(2) We have n= 4; with type CX 2f4:dn+1; 1:bg. (Case 6:7 of Theorem 1:6).
(3) We have n= 4; with type CX 2f1:a; 4:eg. (Case 6:8).
(4) We have n= 4; with type CX 2f1:c; 4:dng. (Case 6:9).
(5) We have n= 4; with type CX 2f2:b; 2:dg. (Case 4:5).
(6) We have n= 3; with type CX 2f4:e; 4:gg. (Case 6:13).
(7) We have n= 2; with type CX 2f1:a; 4:gg. (Case 6:10).
(8) We have n= 2; with type CX 2f1:d; 4:hg. (Case 6:11).
(9) We have n= 3; with type CX 2f3:b; 4:hg. (Case 6:12).
(10) We have type CX 2f2:c; 3:dg. (Case 5:2).
(11) We have n= 2; with type CX 2f1:c; 3:dg. (Case 6:16).
(12) We have n= 2; with type CX 2f1:a; 4:g; 4:eg. (Case 6:14).
We do not know whether the situations described in 3:1 (2); (3); (4); (5); (6); (12);
(1) (n 6= 4) occur, whereas we have examples for the situations described in 3:1
(7); (8); (9); (10); (11) (see Lemma 3.20) and in (1) (n= 4) (see 4:4).
Lemma 3.2. Let C be a nite circular space; and let P and Q be two points of C.
Then the residual spaces CP and CQ have the same number of points.
Lemma 3.3. Let C be a nite circular space; and let P and Q be two points. Let r
be the degree of Q in CP; and let s be the degree of P in CQ. Then r = s.
Proposition 3.4. Let C be a nite f0; 1; 2g-inversive plane admitting a point P such
that CP is a near pencil. Then C is degenerate on four; ve or six points.
Proof. Let v be the number of points of C. Since CP is a near pencil, there exists a
circle x with v− 1 points and exactly one point Q not on x. The residual spaces with
respect to the points on x are near pencils of order v − 3. The residual space CQ is
the complete graph Kv−1. Since CQ is f0; 1; 2g-semi-ane, it follows that v2f4; 5; 6g.
(Case 1.5 and 4.4).
Let L be a nite linear space, and let k be the maximal line degree of L. We say
that L has property (), if any point of L is incident with a line of degree k.
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Lemma 3.5. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two points
of C. Suppose that CP and CQ both have property (); and let kP and kQ be the
maximal line degrees of CP and CQ; respectively. Then kP = kQ.
Proof. The point Q is a point of CP . By assumption, there is a line of degree kP
through Q. Similarly there is a line through P of degree kQ in CQ. Let m be the
maximal number of points of a circle through P and Q. Since the lines of CP through
Q and the lines of CQ through P correspond to the circles of C through P and Q, it
follows that kP + 1 = m= kQ + 1.
From Lemmas 3.6 to 3:15 we shall suppose that for any point X of C the residual
space CX is neither a near-pencil nor sporadic.
Lemma 3.6. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two points
of C. Let n and m be the order of CP and CQ; respectively. Then one of the following
occurs.
(1) We have type (CP)= type (CQ). In particular if type (CP) = 4: dk and type
(CQ) = 4: dk′ ; then k = k 0.
(2) We have type (CP) = 1: a and type (CQ) = 2: b.
(3) We have type (CP) = 1: a and type (CQ) = 4: e.
(4) We have type (CP) = 1: b and type (CQ) = 4: a.
(5) We have type (CP) = 1: b and type (CQ) = 4: dn+1.
(6) We have type (CP) = 1: c and type (CQ) = 4: dn.
(7) We have type (CP) = 1: d and type (CQ) = 3: b.
(8) We have type (CP) = 2: a and type (CQ) = 3: a.
(9) We have type (CP) = 2: a and type (CQ) = 4: b.
(10) We have type (CP) = 2: b and type (CQ) = 4: e.
(11) We have type (CP) = 3: a and type (CQ) = 4: b.
(12) We have type (CP) = 4: a and type (CQ) = 4: dn+1.
Proof. As an example we shall consider the case where CP is of type 1: a.
Let CP be of type 1: a, and let CQ be non-sporadic and neither a near pencil nor of
type 1: a. If w is the number of points of CQ, it follows that
m2 − m6w6m2 + m (see Table 1):
On the other hand, by Lemma 3.2, we have w = n2 + n+ 1. In particular n<m, that
is, n6m− 1. Hence
m2 − m6w = n2 + n+ 16m2 − m+ 1:
If w = m2 − m + 1, then CQ is of type 2: b or 4: e. The case w = m2 − m does not
occur, since m2 −m= w = n2 + n+ 1 would be at the same time an even and an odd
number.
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Lemma 3.7. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two points
of C.
(a) If type (CP) = 1: d; then type (CQ) 6= 3: b.
(b) If type (CP) = 1: a; then type (CQ) 6= 2: b.
(c) If type (CP) = 2: b; then type (CQ) 6= 4: e.
Proof. Let n be the order of CP .
(a) Assume that CP and CQ are of type 1: d and 3: b, respectively. By 3:2, CQ is of
order n + 1. It follows that any point of CP is of degree n + 1 and any point of CQ
is of degree n+ 2, a contradiction (see Lemma 3.3).
(b) The proof is similar to the proof of (a).
(c) Assume that CP and CQ are of type 2: b and 4: e, respectively. By Lemma
3.2, CQ is of order n + 1. The maximal line degrees of CP and CQ are n + 1
and n, respectively. Since CP and CQ both have property (), we get a
contradiction.
Lemma 3.8. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two points
of C. Let CP be of type 4: dk and let n be the order of CP .
(a) If n 6= 4; then CQ is not of type 1: b.
(b) If n 6= 3; then CQ is not of type 4: a.
Proof. Let CP be of type 4: dk . Assume that CQ is of type 1: b or 4: a. By
Lemma 3.2, CQ is of order n, and k = n + 1. Let P be a projective plane of
order n, and let K be a (n + 1)-arc of P such that CP is obtained from P by
deleting K .
Step 1: Let CQ be of type 1: b. Then n is even and Q is the nucleus of K . Indeed
there are n + 1 lines of degree n through P in CQ. By Lemma 3.3, there are n + 1
lines of degree n through Q in CP . Since the n-lines of CP are the tangent lines of K
in P, it follows that any line of CP through Q is a tangent line. Hence n is even and
Q is the nucleus of K .
Step 2: Let CQ be of type 4: a. For n 6= 3; n is even and Q is the nucleus of K .
Indeed, there are n + 1 lines through Q in CP . By Lemma 3.3, there are n + 1 lines
through P in CQ. CQ is a linear space that has been obtained from a projective plane
by deleting one of its lines except a point Z and by deleting a further point not on this
line. It follows P 6= Z . In particular there are at least n− 1 lines of degree n through
P in CQ. Again by Lemma 3.3, it follows that there are at least n− 1 lines of degree
n through Q in CP . Since n>4, we have n− 1>3. It follows that n is even and that
Q is the nucleus of K .
Step 3: If n>4; then for any point X 6= Q the residual space CX is of type 4: dn+1.
If n = 3; then there is no residual space of type 1: b. This follows immediately from
Steps 1, 2 and the fact that the nucleus of an (n+ 1)-arc is unique.
Step 4: Let n 6= 4. Then CQ is not of type 1: b. Assume that CQ is of type 1: b. By
Step 3, n 6= 3 and any residual spaces CX with X 6= Q is of type 4: dn+1. Let bn+2 be
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the number of circles of degree n+2. In CQ there are no lines of degree n+1, hence
there are no circles of degree n + 2 through Q. On the other hand in CP there are
(n2− n)=2 lines of degree n+1. By Step 3, any point of C distinct from Q is incident
with (n2 − n)=2 circles of degree n+ 2. Counting the incident point-circle-pairs (X; x),
where x is of degree n+ 2 we get
n2
n2 − n
2
= bn+2(n+ 2):
Therefore
bn+2 =
1
2
(n3 − 3n2 + 6n− 12) + 12
n+ 2
:
Since n is even, the rst term is an integer. So 12=(n + 2) has to be an integer, too.
In view of n>5 we get n= 10. Since there is no projective plane of order 10, this is
a contradiction.
Step 5: Let n 6= 3. Then CQ is not of type 4: a. Assume that CQ is of type 4: a. By
Step 3, all residual spaces CX are of type 4: dn+1 except CQ. Let bn+1 be the number
of circles of degree n + 1. A similar reasoning as in Step 4, and using that there are
n2 − n+ 1 circles of degree n+ 1 through Q, yields that
bn+1 = n2 + n− 2 + 3n+ 1 :
a contradiction.
Remark. By Lemma 3.8, it follows that residual spaces of type 4: dk ; 4: a and 1: b
cannot occur simultaneously. Furthermore, residual spaces of type 4: dk and 4: a can
only occur simultaneously, if n = 3, residual spaces of 4: d and 1: b can only occur
simultaneously, if n= 4. In the latter case we know that exactly one residual space is
of type 1: b and all the other residual spaces are of type 4: d.
Lemma 3.9. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two points
of C. If CP is of type 4: dk ; then CQ is not of type 4: a.
Proof. Let CP and CQ of type 4: dk and 4: a, respectively. Let n be the order of CP .
In view of Lemma 3.8 and the above remark we can suppose that n= 3 and that for
any for any point X of C the residual space CX is of type 4: dk or 4: a. Let a and c
be the number of points X of C such that CX is of type 4: dk and 4: a, respectively.
It follows that a + c = 10. Let b5 and b4 be the number of circles of C of degree 5
and 4, respectively. Then we get
b5 =
3a+ 2c
5
= a=5 + 4:
If follows that a= 5 = c. Then from
4b4 = 4a+ 7c = 55:
we have a contradiction.
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Lemma 3.10. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two
points of C. If CP is of type 4: a; then CQ is not of type 1: b.
Proof. Assume that C admits two points P and Q such that CP is of type 4: a and CQ
is of type 1: b. Let n be the common order of CP and CQ. Note that n>3. Then CP
is a linear space that has been obtained from a projective plane of order n by deleting
one of its lines except a point Z and by deleting a further point not on this line. We
denote by g the unique line of CP of degree n through Z . One easily sees that Q has
to be a point on g dierent from Z . Let a and c be the number of points X of C such
that CX is of type 4: a and 1: b, respectively. It follows that 16c6n − 1. In view of
a+ c = n2 + 1 we obtain
n2>a>n2 − n+ 2:
Let bn+1 and bn+2 be the number of circles of C of degree n+1 and n+2, respectively.
Then we get
bn+1 = a  n+ c  n− 2a+ 3an+ 1
bn+2 = a− 3an+ 2 :
Since gcd(n + 1; n + 2) = 1, it follows that (n + 1)(n + 2) is a divisor of 3a, that is,
there exists an integer i with
3a= i(n+ 1)(n+ 2):
Because of n2>a> 0, it follows that i2f1; 2g. Assuming i = 1 we obtain
n2 − n+ 26a= 13(n+ 1)(n+ 2)<n2 − n+ 2
(note that n>3), a contradiction. Hence i = 2. It follows that
3a= 2(n+ 1)(n+ 2):
From
3(n2 − n+ 2)63a= 2(n+ 1)(n+ 2)63n2
follows that n2f6; 7; 8g. Since (n+1)(n+2) must be divisible by 3, we have n2f7; 8g.
We shall use the following observation. Let X be a point such that CX is of type
4: a, and let Y be the unique point of CX of degree n. Then CY is also of type 4: a
and X is the unique point of degree n in CY . We say that X and Y are married if Y
is the unique point of degree n in CX .
Case 1: Let n = 7. Then a = 48; c = 2 and bn+2 = 32. We count the pairs (P; x),
where P= fX; Yg is a set of two married points, x is a circle of degree 9 and X and
Y are both incident with x. Any pair of married points is incident with exactly six
circles of degree 9. Because of a = 48 there are 24 pairs of married points. Finally,
any circle of degree 9 is incident with at most four pairs of married points. Hence
24  6632  4;
a contradiction.
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Case 2: Let n = 8. Then a = 60 and c = 5. Let Q1; : : : ; Q5 be the ve points of
C such that the residual space is of type 1: b. Then Q1; : : : ; Q5 are incident with g.
Let x be the circle corresponding to g, and let R be a point of C not on x. Then the
residual space CR is of type 4: a. Let Z 0 be the unique point of degree n in CR, and
let g0 be the unique line of degree n through Z 0. As above it follows that the points
Q1; : : : ; Q5 are incident with g0. Denoting by x0 the circle corresponding to g0, we get
x = x0 contradicting the fact that R is incident with x0 but not with x.
Lemma 3.11. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two
points of C.
(a) If CP is of type 2: a; then CQ is not of type 4: b.
(b) If CP is of type 2: a; then CQ is not of type 3: a.
Proof. (a) Assume that C admits two points P and Q such that CP is of type 2: a and
CQ is of type 4: b. Since CP is obtained by deleting an (n+ 2)-arc from a projective
plane of order n, there are (n + 2)=2 lines of degree n − 1 and n=2 lines of degree
n+1 through any point of CP . It follows that there must be (n+2)=2 lines of degree
n− 1 and n=2 lines of degree n+ 1 through P in CQ, as well, a contradiction.
(b) The proof is similar to the proof of (a).
Lemma 3.12. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two
points of C. If CP is of type 3: a; then CQ is not of type 4: b.
Proof. The proof is similar to the one of Lemma 3.10.
Lemma 3.13. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two
points of C. Let CP be of type 1: a and let n be the order of CP . If n 6= 4; then CQ
is not of type 4: e.
Proof. Assume that there exist two points P and Q with residual spaces of type 1: a
and 4: e, respectively. Let CP be of order n. Then, by Lemma 3.2, CQ is of order n+1.
Let T be the unique point of degree n+ 1 in CQ. Since any point of CP is of degree
n + 1, it follows that P = T . In particular there is exactly one residual space of type
1: a and n2 + n+1 residual spaces of type 4: e by 3.5 and 3.7. Let bn+2 be the number
of circles of degree n + 2. Counting the incident point-circle-pairs (U; x), where x is
of degree n+ 2 we obtain
bn+2 = 2n2 + 4− 6n+ 2 :
It follows that n+ 2 is a divisor of 6. Hence n= 4.
Lemma 3.14. Let C be a nite f0; 1; 2g-inversive plane; and let P and Q be two
points of C. Let CP be of type 1: c and let n be the order of CP . If n 6= 4; then CQ
is not of type 4: dk .
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Proof. Assume that there exist two points P and Q with residual spaces of type 1: c
and 4: dk , respectively. By Lemma 3.6, CQ is of order n, and k = n. Let Z be the
unique point of degree n of CP . Then P is of degree n in CZ , hence CZ is of type 1: c.
CQ is obtained from a projective plane of order n by deleting some n-arc K . In CP ,
the point Q is incident with one line of degree n+1 and n lines of degree n. Therefore
P and Z are points of CQ with exactly the same properties, that is, they are incident
with n tangent lines of K and one line missing K . Assuming the existence of a third
point R such that CR is of type 1: c, we get that R (as a point of CQ) is incident with
n tangent lines of K . This contradicts the fact that K admits only 2n tangent lines. It
follows that there are two points of C whose residual spaces are of type 1: c and n2
points whose residual spaces are of type 4: dn. Let bn+2 be the number of circles of
degree n+ 2. It follows that
2bn+2 = n3 − 3n2 + 8n− 12 + 24n+ 2 :
Because of n>3 we get n2f4; 6; 10; 22g. Since there are no projective planes of order
6; 10 or 22, it follows that n= 4.
So far we have seen what happens if CX is neither a near pencil nor sporadic for
any point X of C and there exist at least two points P and Q such that CP and CQ
are of dierent type. More precisely we have proved the following.
Theorem 3.15. Let C be a nite f0; 1; 2g-inversive plane; such that for any point X
of C the residual space CX is neither a near-pencil nor sporadic. If moreover there
exist two points P and Q such that the residual spaces CP and CQ are of dierent
type. Then one of the following occurs; where n denotes the order of CP:
(1) We have n= 4 with type CP = 4: dn+1 and type CQ = 1: b. (Case 6:7).
(2) We have n= 4 with type CP = 1: a and type CQ = 4: e. (Case 6:8).
(3) We have n= 4 with type CP = 1: c and type CQ = 4: dn. (Case 6:9).
We do not know if there exists a f0; 1; 2g-inversive plane admitting two points P
and Q such that CP and CQ are as in Theorem 3.15.
It remains to gure out which f0; 1; 2g-inversive planes can occur if there is at least
one point P such that CP is sporadic and the residual spaces are not all of the same
type.
Let CP be sporadic and let P2; : : : ; Pv be the points of C dierent from P = P1.
We can exclude many hypothetical cases by applying the following technique:
(1) Check whether CP and CPi have the same number of points for any i=2; : : : ; v.
(2) Let fr1; : : : ; rag and fsi1; : : : ; sibg be the point degrees of the points in CP and
CPi , respectively. Check whether fr1; : : : ; rag \ fsi1; : : : ; sibg 6= ; for any i = 2; : : : ; v. (It
follows from Lemma 3.3 that this intersection is non-empty.)
(3) The lines of CP through Pi and the lines of CPi through P both correspond
to the circles of C through P and Pi. In particular, if fl1; : : : ; lcg and fmi1; : : : ; midg
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denote the line degrees of the lines of CP through Pi and of CPi through P, then
fl1; : : : ; lcg= fmi1; : : : ; midg. Check whether this condition is fullled.
(4) Let h be the number of residual spaces of dierent type and suppose P; P2; : : : ; Ph
are all of dierent type. Let a1; a2; : : : ; ah be the number of residual spaces of the
same type as CP; CP2 ; : : : ;CPh ; respectively. For j2N , let bj be the number of circles
of degree j, let c j1 and c
j
i be the number of lines of degree j − 1 in CP and CPi ,
respectively. Then
a1 + a2 +   + ah = v and bj  j = a1c j1 + a2c j2 +   + ahc jh :
Check whether these equations, for j2N , yield a contradiction.
If there is a point P such that CP is sporadic then applying the previous process it
is straightforward to prove the following.
Lemma 3.16. Let C be a nite f0; 1; 2g-inversive plane such that no residual space
is a near-pencil; and let P a point of C such that CP is sporadic. Let P2; : : : ; Pv be
the points of C dierent from P and suppose that type CP2 is dierent from type CP .
If h denotes the number of dierent types between the residual spaces CX then one
of the following occurs:
(1) If type CP = 2: c then h= 2 and type CX 2f2: c; 3: dg for all X .
(2) If type CP = 2: d then h= 2 and type CX 2f2: b; 2: dg for all X .
(3) If type CP = 3: d then h= 2 and type CX 2f1: c; 3: dg for all X .
(4) If type CP = 4: g then h64 and type CX 2f1: a; 4: e; 4: g; 4: jg for all X .
(5) If type CP = 4: h then h64 and type CX 2f1: d; 3: b; 4: h; 4: ig for all X .
(6) If type CP = 4: i then h63 and type CX 2f3: b; 4: h; 4: ig for all X .
(7) If type CP = 4: j then h65 and type CX 2f1: a; 2: b; 4: e; 4: g; 4: jg for all X .
We investigate with a more careful analysis cases from (4) to (7) of the previous
lemma.
Lemma 3.17. There is no f0; 1; 2g-inversive plane having a residual space CP of
type 4: i.
Proof. By Lemma 3.16, we have type CX 2f4: i; 4: h; 3: bg for any point X of C.
Let type CP = 4: i then v = 7, there is one circle C of degree 5 and for any point
X of C type CX = 4: i. If Q and Q0 are the points of C o C then type CQ = 4: h
or type CQ = 3: b so through Q there are at least 4 circles of degree 4 that is a
contradiction.
Lemma 3.18. There is no f0; 1; 2g-inversive plane having a residual space CP of
type 4: j.
Proof. By Lemma 3.16, we have type CX 2f4: j; 1: a; 2: b; 4: e; 4: gg for any point X of
C. Let type CP = 4: j. We start by showing that 4: g is not possible. Let Q be a point
such that type CQ = 4: g then there is a circle C of degree 5 such that for any point
X 2C we have type CX = 4: j. It follows Q 62C. Through Q there are six circles of
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degree 4 but because outside C there are only three points we get at most ve circles
of degree 4 through Q, a contradiction.
Then v = 8 and there is one circle C of degree 5. If there is a point Q such that
the residual space in Q is of type 2: b then through any point of C there is a circle of
degree 5 so every residual space is of type 4: j or 2: b. Let a1 and a2 be the number
of residual spaces of type 4: j and 2: b; respectively then
a1 + a2 = 8 and 5b5 = a1 + 2a2 = 16− a1;
it follows 5ja1 − 1 so a1 = 6; a2 = 2 or a1 = 1; a2 = 7. Moreover 4b4 = 3a1 = 18 or
4b4 = 3a1 = 3, that is a contradiction.
So there is no point Q such that type CQ=2: b. Observe that there is also no point Q
such that the residual space in Q is of type 1: a. Indeed if type CQ =1: a then through
Q in CP there would be three lines of degree 3, that is a contradiction. Let a1 and a2
be the number of residual spaces of type 4: j and 4: e; respectively, then
a1 + a2 = 8 and 5b5 = a1;
it follows a1 = 5; a2 = 3. Moreover 4b4 = 3a1 + 5a2 = 30 that is a contradiction.
So we get the following.
Lemma 3.19. Let C be a nite f0; 1; 2g-inversive plane such that no residual space
is a near pencil; and let P a point of C such that CP is sporadic. If there exists P2
such that type CP2 6= type CP . Then for any point X 2C we have
(1) type CX 2f2c; 3dg;
(2) type CX 2f2d; 2bg;
(3) type CX 2f3d; 1cg;
(4) type CX 2f4: g; 1: a; 4: eg;
(5) type CX 2f4: h; 1: d; 3: bg.
Lemma 3.20. There exist f0; 1; 2g-inversive planes such that for any point X 2C one
of the following occurs:
(1) We have type CX 2f4: g; 1: ag:
(2) We have type CX 2f4: h; 1: dg.
(3) We have type CX 2f4: h; 3: bg.
(4) We have type CX 2f3: d; 2: cg.
(5) We have type CX 2f3: d; 1: cg.
Proof. (1) Let C be the ane geometry AG(3; 2) with circles being the planes of
AG(3; 2) and one circle being replaced by four circles of length 3.
One easily veries that C admits four residual spaces of type 1: a and four residual
spaces of type 4: g.
(2) Let C be the circular space constructed in (1) and remove one point of X of C
with the property that CX is a projective plane of order 2 (type 1: a). The so-constructed
circular space has the required properties.
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(3) We endow the set f1; 2; 3; 4; 5; 6; 7g with ve circles 1234; 1567; 2456; 2367 and
3457 of degree 4 and 15 circles of degree 3. The so-obtained circular space C has one
residual space of type 3: b, namely C1, and six residual spaces of type 4: h.
(4) We endow the set f1; 2; 3; 4; 5; 6g with one circle 1234 of degree 4 and 16 circles
of degree 3. The so-obtained circular space C admits two residual spaces of type 2: c
(namely C5 and C6) and four residual spaces of type 3: d.
(5) We endow the set f1; 2; 3; 4; 5; 6g with two circles 1234 and 1256 of degree
4 and 12 circles of degree 3. The so-obtained circular space C admits two residual
spaces of type 1:c (namely C1 and C2) and four residual spaces of type 3:d.
Lemma 3.21. There is no circular space such that type CX 2f4:h; 1:d; 3:bg having
residual of all three types.
Proof. Let a1; a2; a3 be the number of residual spaces of type 4:h, 1:d and 3:b, respec-
tively, and let P1; P2; P3 be three points such that type CP1 = 4:h, type CP2 = 1:d and
type CP3 = 3:b.
2 2
Since P2 2CP3 then through P2 and P3 there is a unique circle of length 4. On the
other hand since P3 2CP2 then through P3 and P2 there are at least two circles of length
4, that is a contradiction.
This completes the proof of Theorem 3.1.
Finally we give more informations on case (4) of Lemma 3.19.
Let a1; a2; a3 be the number of points such that residual spaces are of type 4:g, 1:a
and 4:e respectively.
Then a1>1; a2 + a3>1. Because of the previous lemma we may assume a3>1.
2 In the pictures we do not draw lines of degree 2.
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If a2>1, then denote by P1; P2; P3 three points such that type CP1=4:g, type CP2=1:a
and type CP3 = 4:e. We have
a1 + a2 + a3 = 8 and 4b4 = 6a1 + 7a2 + 5a3 = 6a1 + 7(8− a1 − a3) + 5a3;
it follows that b4=14− (a1+2a3)=4. So a1+2a3  0 (mod 4). But 3b3=3a1+6a3 that
is b3 = a1 + 2a3>6 (there are six circles of degree 3 through P3) so a1 + 2a3>8. But
in CP3 there is only one point of degree 3 and it is P2 hence a2 = 1; so a1 = 6; a3 = 1.
Moreover b4 = 12; b3 = 8.
If a2 = 0, then in a similar way we obtain a1 = a3 = 4 and b4 = 11; b3 = 12.
4. The classication
We start with the denition of the extension of the Nwankpa plane. We shall use
the Nwankpa plane N dened in Section 2.
Denition 4.1. Let C be the following circular space. The 12 points of C are denoted
by 1; 2; 3; 4; 5; 6; 10; 20; 30; 40; 50; 60. There are two circles of length 6, namely 123456 and
102030405060. For the denition of the 45 circles of length 4 we say that the points 1; 10 of
C correspond to the point 1 ofN. In the same way the points 2; 20; : : : ; 6; 60 correspond
to 2; 3; 4; 5; 6, respectively. For a point x of C let x be the point of N corresponding
to x. Let fx; y; x0; y0g be a set of four points of C with x; y2f1; 2; 3; 4; 5; 6g and
x0; y0 2f10; 20; 30; 40; 50; 60g. By denition, fxyx0y0g is a circle if and only if 1( x; y) =
1( x0; y0). C is called the extension of the Nwankpa plane.
One of the most dicult cases is to classify all nite circular spaces such that any
residual space is of type 4:d.
Proposition 4.2. Let C be a nite circular space such that every residual space is of
type 4:dk for some k. Let n be the order of one of the residual spaces.
(a) Then n is even.
(b) We have either n = 4; k = 2 and C is a 3-(22; 6; 1) design with two points
deleted or 12n(n+ 1) = k(k − 1)(k − 2) and 46k6n.
Proof. Let C be a circular space such that all residual spaces are of type 4:d. Let P
be a point of C, and let n be the order of CP . Then there exists an integer k with
26k6n+1 such that CP is of type 4:dk . By Lemma 3.6, it follows that for any point
Q of C the residual space CQ is of type 4:dk .
(a) Consider the residual space CQ for some point Q of C. Since CQ is of type
4:dk , there exists a nite projective plane P of order n admitting a k-arc K such that
CQ is obtained from P by deleting the points of K. Since k6n+ 1, there is a line l
in P missing K, that is, there is a line l of CQ of degree n+ 1. Let P be a point of
CQ which is not on l, and let x be the circle dened by l. Then the points of x form
an (n+ 2)-arc in CP . By a well-known result on arcs, this implies that n is even.
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(b) We rst show that k 6= n + 1. Assume that k = n + 1, let P be a point of C,
let P be a projective plane of order n admitting an (n + 1)-arc K such that CP is
obtained from P by deleting K. Since n is even, K admits a nucleus Q.
In CQ we have the same situation as in CP with a nucleus P0. Since the lines of
CQ of degree n are exactly the lines through P0, it follows that P = P0. Therefore the
point set of C splits into pairs. In particular the number v of points of C is even. But
v= n2 + n+ 2− k = n2 + n+ 2− (n+ 1) = (n− 1)(n+ 1) + 2 is odd, since n is even,
a contradiction.
Let bn, bn+1 and bn+2 be the numbers of circles of length n, n + 1 and n + 2,
respectively. Considering the incident point{circle pairs (P; x), where x is a circle of
length n, n+ 1 and n+ 2, respectively, we get the following three equations:
2bn = (n+ 1)k2 − (n+ 1)k − k(k − 1)(k − 2)n ;
bn+1 =−(n+ 1)k2 + (n2 + 2n+ 2)k + k(k − 1)(k − 2)n+ 1 ;
2bn+2 = (n+ 1)k2 − (2n2 + 3n+ 3)k + 2n3 + 8n− 10− k(k − 1)(k − 2)− 24n+ 2 :
Let c := k(k − 1)(k − 2). From the above equations it follows that n j c; n+ 1 j c and
n+2 j c− 24. Since n and n+1 are relatively prime, we have n(n+1) j c. Hence there
are two integers a and b such that c = an(n+ 1) and c = b(n+ 2) + 24.
It follows that an(n+1)=b(n+2)+24 or, equivalently, (a(n+1)−b)n=2b+24. Let
d := a(n+1)−b. Then d is an integer, and we have dn=2b+24, that is, b=dn=2−12.
It follows that
an(n+ 1) =

dn
2
− 12

(n+ 2) + 24:
Hence (2a − d)(n + 2) = 2a − 24. Let e := 2a − d. Then e is an integer with
e(n+ 2) = 2a− 24, that is, a= (e(n+ 2) + 24)=2. It follows that
c= k(k − 1)(k − 2) = an(n+ 1) = e(n+ 2) + 24
2
n(n+ 1)
=
1
2
(en3 + (3e + 24)n2 + (2e + 24)n):
Since 26k6n+1, it follows from c=k(k−1)(k−2) that c6(n+1)n(n−1)=n3−n.
We get
en3 + (3e + 24)n2 + (2e + 24)n= 2c62n3 − 2n:
Hence e61.
On the other hand, we have
06c= 12(en
3 + (3e + 24)n2 + (2e + 24)n)
= 12n(n+ 1)(e(n+ 2) + 24):
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Hence e(n+2)>− 24. Because of n>4 (n is even and n>3) it follows that e>− 4.
We shall treat the cases e=−4;−3; : : : ; 1 separately. Recall that k(k − 1)(k − 2)= c=
1
2n(n+ 1)(e(n+ 2) + 24).
Case 1: Let e = −4. From e(n + 2)> − 24 and n>4 follows n = 4. The above
equation yields k = 2.
Case 2: Let e=−3. Again in view of e(n+2)>− 24 we get n66. Since n is even
and since there is no projective plane of order 6, we get n= 4. It follows that k = 5.
But we have already seen that k 6= n+ 1, so Case 2 does not occur.
Case 3: Let e = −2. As above it follows that n2f4; 8g. If n = 4, then k = 6
contradicting k6n+ 1. For n= 8 there is no integer k fullling the above equation.
Case 4: Let e = −1. Using the Theorem of Bruck and Ryser we get n2f4; 8; 12;
16; 18; 20g. The only integral solution of the above equation is n= 8 and k = 9. Since
k 6= n+ 1, this case cannot occur.
Case 5: Let e = 0. Then we have a= (e(n+ 2) + 24)=2 = 12. It follows that
k(k − 1)(k − 2) = 12n(n+ 1): (1)
Case 6: Let e=1. Then we have a= 12(n+26). Since n is even, there is an integer
m with n= 2m. It follows that a= m+ 13. We also have
2bn = (n+ 1)k2 − (n+ 1)k − k(k − 1)(k − 2)n
= (n+ 1)(k2 − k)− a(n+ 1)
= (n+ 1)(k2 − k)− (m+ 13)(n+ 1):
Since 2bn and k2 − k are even and since n+ 1 is odd, it follows that m+ 13 is even,
hence m is odd.
On the other hand, from a= 12(n+26), d=2a− e, e=1 and b= dn=2− 12 follows
that b= (n+ 25)m− 12. Since m is odd and n is even, b is odd too. From
2bn+2 = (n+ 1)k2 − (2n2 + 3n+ 3)k + 2n3 + 8n− 10− k(k − 1)(k − 2)− 24n+ 2
= nk2 − (2n2 + 3n+ 2)k + 2n3 + 8n− 10 + k2 − k − b
follows that b is even, a contradiction. So the case e = 1 cannot occur.
By using Lemma 3:4:5 in [5] on f1; sg-inversive planes, for the case s = 2, we get
that there is no circular space such that all residual spaces are of type 3.b. For sake
of completeness we give the proof in our case.
Proposition 4.3. There is no nite circular space C such that every residual space is
of type 3.b.
Proof. By way of contradiction, let C be a circular space, of order n, such that all
derived structures are of type 3.b. Then jCj= n2 − n+ 1. Through any point there are
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n− 1 circles of degree n+ 1 and n2 circles of degree n. In any derived structure CP
lines of degree n give a partition, that is in C for any pair of distinct points there is
exactly one circle of degree n + 1. This means that the set of points of C, together
with the set of circles of degree n+ 1 form a linear space. In such a linear space all
lines have degree n+ 1 and all points have degree n− 1, that is a contradiction.
Theorem 4.4. Let C be a nite f0; 1; 2g-inversive plane such that all residual spaces
are of the same type. Then one of the following occurs:
(a) C is an inversive plane. (Cases 1:1 and 1:2).
(b) C is an inversive plan; where one point has been deleted. (Cases 2:2 and 5:1).
(c) C is either a 3-(8; 4; 1) or a 3-(22; 6; 1) design. (Case 1:2).
(d) C is a 3-(8; 4; 1) or a 3-(22; 6; 1) design with one point deleted. (Case 1:3).
(e) C has six points; say 1; 2; 3; 4; 5; 6 with three circles 1234; 1256 and 3456 of
degree 4 and 11 circles of degree 3. (Case 1:4).
(f ) C is degenerate on four points. (Case 1:5).
(g) C has six points. All circles are of degree 3. (Case 4:1).
(h) We have n=4; and all residual spaces are of type 2:a. An example is obtained
from a 3-(22; 6; 1) design by deleting a circle. (Case 4:2).
(i) We have n= 4; and all residual spaces are of type 2:b. (Case 4:3).
(l) We have n= 5; and all residual spaces are of type 4:a. (Case 6:3).
(m) We have n= 3; 5; 11; and all residual spaces are of type 4:e. If n= 3 then an
inversive plane of order 3 with two points deleted gives an example. (Case 6:4).
(n) Let C0 be the 3-(8; 4; 1) design; and let x and y be two disjoint circles of degree
4. Let C be the circular space constructed from C0 by replacing each of the circles
x and y by four circles of degree 3. (Case 6:5).
(o) C is the circular space described in Denition 4:1. (Case 6:6).
(p) Every residual space is of type 4:dk ; that is; it is obtained from a projec-
tive plane of even order n by deleting a k-arc; where k and n fulll the following
conditions:
(k − 2)(k − 1)k = 12n(n+ 1) and 46k6n (Case 6:2)
or n= 4; k = 2 and C it is a doubbly punctured 3-(22; 6; 1) design.
Proof. Let C be a nite f0; 1; 2g-inversive plane such that all residual spaces are of
the same type. Let P be a point of C. Let n be the order of CP . Throughout the proof
we denote by bl the number of circles of length l.
Case 1: CP is of type from 1:a to 1:e. It follows that C is f0; 1g-inversive and from
1:1 we get the circular spaces described in (a),(c),(d),(e),(f).
Case 2: CP is of type 2:a. Let S be the set of all pairs (P; x), where P is a point
and x is a circle of length n+ 2 such that P and x are incident. Then we get
(n+ 2)bn+2 = 12n
2(n2 − n):
It follows that n+ 2 is a divisor of 12, that is, n2f2; 4; 10g. Since residual spaces of
type 2:a are only dened for n>3 and since there are no projective planes of order
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10, we have n= 4. This yields the case described in (h).
Case 3: CP is of type 2:b. As in the proof of Case 6, we obtain n2f2; 4; 6; 10; 22g.
By the theorem of Bruck and Ryser, the cases n = 6 and 22 are excluded. As before
it follows that n= 4. This yields the case described in (i).
Case 4: CP is of type 2:c. Obviously any circle is of length 3, that is, C consists
of six points and any three of them form a circle (see(g)).
Case 5: CP is of type 2:d. It follows that b5 = 165 , a contradiction.
Case 6: CP is of type 2:e. It follows that b5 = 14165 , a contradiction.
Case 7: CP is of type 3:a. Observe that the circles of C are either of degree n
or n + 1. We add a point 1 to C such that 1 is incident with exactly the circles
of degree n. Let C be the resulting circular spaces. One easily veries that C is an
inversive plane, thus C is the circular space described in (b).
Case 8: CP is of type 3:c. It follows that b5 = 1335 , a contradiction.
Case 9: CP is of type 3:d. It follows that b4 = 32 , a contradiction.
Case 10: CP is of type 4:a. Considering the circles of length n+1, one obtains that
n+ 1 is a divisor of 6, that is, n= 5. This yields the case described in (l).
Case 11: CP is of type 4:b. It follows that n+ 1 is a divisor of 3, a contradiction.
Case 12: CP is of type 4:c. Considering the circles of length n+ 1 and n+ 2, one
obtains the following
bn+2 = n− 3 + 9n+ 2 ; hence n= 7
and
bn+1 = 3n2 − 9n+ 21− 30n+ 1 ; hence n 6= 7
a contradiction.
Case 13: CP is of type 4:dk . This case has been considered in Proposition 4.2.
Case 14: CP is of type 4:e. Considering the circles of length n+ 1 we get
bn+1 = 2n2 − 5n+ 10− 12n+ 1 :
It follows that n2f3; 5; 11g. This yields the case described in (m).
Case 15: CP is of type 4:f. One easily veries that C is the circular space described
in (o).
Case 16: CP is of type 4:g. One easily veries that C is the circular space described
in (n).
Case 17: CP is of type 4:h. It follows that b4 = 734 , a contradiction.
Case 18: CP is of type 4:i. It follows that b5 = 75 , a contradiction.
Case 19: CP is of type 4:j. It follows that b5 = 85 , a contradiction.
Note that it is not clear whether the circular spaces described in (i), (l), (m) (two
cases), (p) (n 6= 4) exist.
N. Durante et al. / Discrete Mathematics 208/209 (1999) 211{233 233
Acknowledgements
The authors would like to thank Albrecht Beutelspacher and Domenico Olanda for
many valuable discussions.
References
[1] L. M. Batten, A. Beutelspacher, The Theory of Finite Linear Spaces, Cambridge University Press,
Cambridge, 1993.
[2] P. Biondi, f1; 2; 3g-inversive planes which are embeddable into an inversive plane, Combinatorics ’88,
Mediterranean Press, Cosenza, 1991, pp. 171{184.
[3] F. Buekenhout, R. Metz, On circular spaces having no disjoint circles, Geom. Dedicata 3 (1975) 441{
445.
[4] P. Dembowski, Finite Geometries, Springer, Berlin, Heidelberg, 1968.
[5] N. Durante, Spazi di cerchi, Ph.D. Thesis, Universita di Napoli \Federico II", 1997.
[6] W. Hauptmann, Endliche [0; 2]-Ebenen, Geom. Dedicata 9 (1980) 77{86.
[7] H. Lam, L. Thiel, S. Swiercz, The non-existence of nite projective planes of order 10, Can. J. Math.
41 (1989) 1117{1123.
[8] P. M. Lo Re, D. Olanda, On [0; 2]-semi-ane planes, Simon Stevin 60 (1986) 157{182.
[9] M. Oehler, Endliche biane Inzidenzebenen, Geom. Dedicata 4 (1975) 419{436.
[10] D. Olanda, Seminversive planes, Ann Discrete Math. 37 (1988) 311{313.
[11] J.A. Thas, The ane plane AG(2; q); q odd has a unique one point extenxion, Invent. Math. 118 (1994)
133{139.
[12] J. Totten, P. de Witte, On a Paschiian Condition for Linear Spaces, Math. Z. 137 (1974) 173{183.
